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It is shown that the spectral sequence defined by Carlson for an elementary abelian p-group 
G and shifted subgroup H coincides with the’ Lyndon-Hochschild-Serre spectral sequence of 
the corresponding shifted group G* and its subgroup H. 
In [2], Carlson defines a spectral sequence of an elementary abelian p-group G 
and a shifted subgroup H. He remarks that it may be isomorphic to the 
Lyndon-Hochschild-Serre spectral sequence. In this note, we show that it is. To 
do so, we have to do little more than exhibit Carlson’s construction as a special 
case of the Hochschild-Serre double projective resolution construction for Hopf 
algebra extensions. This construction in the context of Hopf algebras is discussed 
in [l, Chapter V]. 
Let G = (x1,. . . , xn) be an elementary abelian group of order p” generated by 
the elements x1, . . . , x,. Let K be any commutative ring with 1. (In [2], K is an 
algebraically closed field of characteristic p, but this restriction is irrelevant to the 
present investigation.) Let A = KG be the augmented algebra obtained by taking 
the group algebra with its usual multiplication and augmentation, but not 
including the comultiplication. Let a! = (aij) be an invertible n x n matrix over K. 
Let Xi =xi - 1, Ui = Zy=, ~iiXi and ui = 1 + Ui. Let H be the subgroup 
($7 * * * 7 u,) of the group of units of A. Such subgroups H are called shifted 
subgroups of KG. H is a subgroup of the shifted group G* = ( ul, . . . , u,} and 
A = KG*. 
Lemma 1. The ideal generated by { U, , . . . , U,,) is the augmentation ideal of A. 
Proof. The augmentation ideal is generated as K-module by the elements of the 
form XI’ . . , x2 - 1 with 0 5 ei <p. Since {U,, . . . , U,} and {X1, . . . , X,,} gen- 
erate the same K-submodule of A, we have only to show that each element 
x”;l . . :x”,” - 1E A{X,, . . . ,X,}. We use induction over I = C e,. If I = 1, the 
element is Xi for some i. Suppose I > 1. Then for some j, we have ei 2 1 and 
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e xf’ . . . X,” - 1 = XJX;’ . . . x7-l . . . x”,” - 1) + (Xi - 1) 
EA{X,,...,X,). Cl 
It follows from Lemma 1 that A is also the augmented algebra given by KG*. 
Put B = KH (as augmented algebra). Since H is a normal subgroup of G*, B is a 
normal subalgebra of KG” and A//B = K(G?H). (See [1, Section 1.23.) 
Carlson defines a comultiplication C on A by setting CX, = Xi @ 1 + 18 Xi for 
all i. A together with C is a Hopf algebra and B is a normal bisubalgebra. C 
defines a tensor product on the category of A-modules. This tensor product does 
not coincide with that arising from the usual comultiplication D of KG* given by 
Dui = ui 8 ui for all i. 
The Carlson spectral sequence of (G, H) for the cohomology of an A-module 
M is that given by the double projective resolution construction for the Hopf 
algebra (A, C) and normal bisubalgebra B. The Lyndon-Hochschild-Serre spec- 
tral sequence of ( Ga, H) is given by that same construction for the Hopf algebra 
(A, D ) and normal bisubalgebra B. The change in the comultiplication does 
change the double resolution. The question is, does it change the spectral 
sequence? 
Theorem 2. The Carlson spectral sequence of (G, H) is naturally isomorphic to 
the Lyndon-Hochschild-Serre spectral sequence of (G”, H) from the E,-level 
onward. 
Proof. A, B and A//B are K-free and A is both left and right B-projective. Let A 
be any comultiplication on A for which B is a bisubalgebra. Then by [l, Theorem 
VIII. 4.11, the Hochschild-Serre double projective resolution spectral sequence 
of ((A, A), B) is naturally isomorphic (from the E,-level onward) to the Cartan- 
Eilenberg pair of resolutions spectral sequence of (A, B). The Cartan-Eilenberg 
spectral sequence does not depend on the comultiplication. Thus both the Carlson 
spectral sequence of (G, H) and the Lyndon-Hochschild-Serre spectral sequence 
of (G”, H) are isomorphic to the same Cartan-Eilenberg spectral sequence. •l 
We warn the reader that this isomorphism cannot extend to the cup product 
structures U d : E:‘(M) @ E:“‘(N)+ E~+P”qtq’(M @Od N). The module M gc N 
constructed using C is not the same module as M @, N. 
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